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Links between string theory
and the function Remann’s zeta

ing. Rosario Turco, prof. Maria Colonnese, dott. Michele Nardelli

There is a connection between string theory and the function Riemann’s zeta: this is an interesting
way, because the zetais related to prime numbers and we have seen on many occasions how nature
likes to express himself through perfect laws or mathematical models.

Not least the situation that certain stable
energy levels of atoms could be associated
with non-trivial zeros of the Riemann’s
zeta. In [6] for example has been shown the
binding of the Riemann zeta and its non-
trivial zeros with quantum physics through
the Law of Montgomery-Odlyzko.

The law of Montgomery-Odlyzko says that
"the distribution of the spacing between
successive non-trivial zeros of the Riemann
zeta function (normalized) is identical in
terms of statistical distribution of spacings
of eigenvalues in an GUE operator”, which
also represent dynamical systems of
subatomic particles!

In [6] the authors showed all the mathematical and theoretical aspects related to the Riemann’s zeta,
while in [9] showed the links of certain formulas of number theory with the golden section and
other areas such as string theory. The authors have proposed a solution of the Riemann hypothesis
(RH) and the conjecture on the multiplicity of nontrivial zeros, showing that they are ssimple zeros

[71(8].

In [10] [11] have proposed hypotheses equivalent RH, in [12] [13] the authors have presented
informative articles on the physics of extra dimensions, string theory and M-theory, in [15] the
conjecture Yang and Mills, in [16] the conjecture of Birch and Swinnerton-Dyer.




A mathematical aspect of string theory

During the experiments in particle accelerators, physicists had observed that the spin of a hadron is
never greater than a certain multiple of the root of its energy, but no simple hadronic model was
able to explain these relationships and the behaviour of hadrons (see [12]).

Gabriele Veneziano in 1968 found that a function in complex variables created by the Swiss
mathematician Leonhard Euler, could be the right answer: the beta function, was perfectly suited to
data obtained strong nuclear interaction.

Veneziano applied the Beta function to the strong interaction:
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but no one could explain why it works well. In 1970, Yoichiro Nambu, Holger Bech Nielsen, and
Leonard Susskind presented a physical explanation of the extraordinary precision of the theoretical
formula of Euler: representing the nuclear force by vibrating strings to a single dimension, showed
that the function of Euler was a good description.

The Beta function is also called the Euler’s integral of the first kind [6]; it is given by the integra
defined:
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where both x and y have positive real part and not null (if they were, the integral does not converge
to afinite number).

This historical function was studied first by Euler, then by Legendre, and Jacques Binet. It is a
symmetric function, ie its value does not change by exchanging the arguments:
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Furthermore, we have also the following identities:
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We can write the Beta function in the following various modes:
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where I'(x) s the Gamma function, due to Euler, is a meromorphic function, continuous on the
positive real numbers, which extends the concept of factorial to complex numbers, meaning that for
every non-negative integer n we have:
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where n! isthe factorial.

While the Gamma function describes the factorial of integers, the Beta function can describe the
Newton binomial coefficients:
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Physical meaning of theresult of G. Veneziano

The collision processes (see figure) have akey role, both in terms of experimental and theoretical
physics of elementary particles, and are the primary tool for the study of their interactions. Since the
beginning of the atomic theory of the nature of the atom was studied with "techniques impact":
particles shot into the atom (see Rutherford experiment for example).
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In the figure above there are two Feynman diagrams "tree" for the process of impact e'e — €'

between a positron (€") and a electron (€) and an example of diagram of higher order
with a closed loop or "loop”. The lines can be associated with trgjectories of particles involved in
the process, and the heads of their electromagnetic interactions. Lowest order contributions

involving the exchange of a photon ~, channels s (vertical) and t (horizontal), respectively, and the

dominant isrelated to the square of their contribution to the cross section o is related to the square
of their sum.



We saw in [12] that one of the greatest difficulties in QED is the presence of quantum vacuum and
virtual particles, which contribute in the interactions giving rise to other particles and so on.

This fact underlies the technique of “Feynman diagrams”, which allows to link the probability of
reaction, known as "cross sections' for the elementary processes in which particles reagents
generate reaction products through the formation of other particles in intermediate states.

The sum of diagrams related to a certain process combines the theory of probability amplitude, a
complex number whose square module essentially determines the cross sections. But the
proliferation of particles subject to strong interactions has long limited the application of these
methods because of the extreme intensity of these nuclear forces, and then in the '60s many efforts
have been devoted to the problem of characterizing the cross sections or S matrix", a collection of
the corresponding amplitudes of probability.

String theory originated precisely in this context, when the use of Quantum Field Theory and the
corresponding Feynman diagrams seemed impossible for the strong interactions.

In this context, places the result of Veneziano. In (2), with variables x and y, Veneziano identified
the angles of impact and the energies of particlesinvolved in the collision. In general, the Feynman
diagrams depend on these magnitudes, but does not show any symmetry under their individual
trade, and therefore the peculiar function B was his obvious symmetry under exchange of two
variables x and y, which in this context is defined "planar duality”.

B (X, y) dso hasinfinitely many "poles’ for x =0, -1, -2, ... and similarly for y, in the neighborhood
of which essentially acts as the function 1/ z near the origin for z = 0.

Singularity of this type are characteristic of the contributions of order pi "u down (without the
"loops’ or "tree" as the two diagrams on the left in picture above), whose intermediate states
involving many types of particles, one a a time and therefore reported their exchange.
It was therefore clear that the extent of Veneziano had originated from a theory much more complex

than any other previously known, with countless types of particles, all bosons, of mass and spin
increasing.

Links between Gamma and Beta

The (3) proves the product of two factorias as:
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Now let u = a”, v = b* suchthat:
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Transform in polar coordinates with a = rcosb, b = rsing:



['(x)'(y) :/ / ._T?|TGDS 01> rsinf|* 'rdrdf

2
.2 _ . O
/ TRty =2 d’r/ |cﬂsgz login®—1! g| de
0

/2
fﬂ w2t 4 (2) / cos™ 1 9sin® 1 9 df
0

M

then:

The derivative of the betafunction can be written using, again, the Gamma function and digamma
function y(x):

Links between Beta and Riemann’s Zeta

In [6] we have seen that if the real part of complex number z is positive, then the integral
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converges absolutely and represents the Gamma function.

Using analytic continuation, the I" converges for z with real part not positive, if not whole. Using
integration by parts, one can show that:

I(z41)==zI'(z).
SinceT (1) =1, thisreport implies, for all natural numbers n, which
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Other definitions are:
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wherey is the constant of Euler-Mascheroni.

In [6] we saw that other important properties of the gamma function is the reflection formula of
Euler:
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and:
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Derivatives of the Gamma function can be expressed in terms of itself and other functions, such as:
[(z) = T'(2) volz).

were o is the function poligamma of zero order. Specifically:
(1) = —.

We know that is:
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for z=1/2 in the reflection formula, or with Betain (1/2, 1/2).

Frequently encountered in statisticsis the integral
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It is obtained by placing:
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where n!! isthe semifactorial.

But certainly intriguing is the link between the Gamma function and the Riemann’s zeta and
between the Gamma and Beta, and consequently the relationship between Beta and the Riemann
zeta
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So it exists alink between the String Theory and the function Riemann’s zeta.

L -function and modular forms

The next question to ask is: "If the Riemann hypothesisistrue, nontrivial zeros are smple and there
is a connection between the Riemann zeta function and the strong interactions or ones with string
theory, how can use those mathematical results with the theory of strings and branes, extra
dimensions or the M-theory? In aworld of Calabi-Yau to 10 or 11 dimensions, the Riemann’s zeta
that can offer us?

In [15] we examined the conjecture of Birch and Swinnerton-Dyer. The mathematical theory that
leads to this conjecture has the basic elements that are useful to the theory of open strings or closed,
due to the dliptic curves, p-adic numbers, Riemann’s zeta, Dirichlet L-function and the modular
forms.

For simplicity, suppose that the curve that we consider is an elliptic curve E defined over rational
numbers Q. Denoted by Z the set of integers, suppose that E is defined by an equation of the form

y’=x*+ax+b, conab € Z, Ae=4a*+ 27b* =0.

We define the function L as:
1
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In this definition of p we see and how dlliptic curve field Fp, where the coefficientsaand b of E are
the classes of module n. The corresponding factor ap isthe inverse of the numerator of the zeta And
on Fp.

The analogy between ((s) and L(E,s) can be introduced geometrically, if we call P a geometric
point is((s) = L(P,s).

In [15] we saw that Hasse's theorem (the Riemann hypothesis for E / Fp) implies that the infinite
product defining L (E, s) convergesto a differentiable function (in acomplex) half plane R(s) > 3/2.
While for the Taylor-Wiles Theorem: L (E, S) can be extended to a differentiable function over the
complex plane.

Theorem of Well (demonstrated in this case by Hasse in 1931) follows from equality ap = ap + 3p,

where ap e Bp are complex numbers with absolute value p*’ 2. From theorem Wiles-Taylor follows
the demonstration of Fermat's last theorem.

The conjecture of Birch and Swinnerton-Dyer said: The equativo y? = x* + ax + b has infinitely
many solutions in rational numbers if and only if L (E, 1) = 0. It follows that if y* = x*+ ax + b has
infinitely many solutionsin rational numbers, then L (E, 1) = 0.

The Riemann hypothesis for L (E, s): The nontrivial zeros of L (E, s) are concentrated on the
vertical lineR (s) = 1.

L(E,s) satisfies a functional equation with respect to processing s —2 — s, while ((s) satisfies a

functional equation respect to s —1 — s. In other words, the zeros must be on one line of symmetry
for the functional equation.

The final way to deal with the L-functionsis the "philosophy Laglands" and should incorporate the
theorem of Wiles. We write L(E,S) as an infinite series:

L(E,s)= Zw:ann’s
n=1

Wiles has considered the inverse Mellin transformof L (E, 9):
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Where z isavariable in the complex upper half plane: H = {z eC;3(2) > 0}
The theorem of Wiles continues with algebraic techniques saying that f(z) is a modular form, for

example as.
e f (2) is a differentiable function on H, which satisfies a suitable condition of growth for
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integer N



The properties of L (E, s) result (with the theorem of Hecke) from analytical properties of f (z).

To summarize, the properties of modular functions provide an access to the properties of the
analytic function L (E, s) (geometrically defined) and then, by means of the conjecture of Birch and
Swinnerton-Dyer, to the rational solutions of the equation of E. Modular formulas are very
important in string theory.

Moving in the opposite direction to what we said earlier, it is noted that sometimes it is the
geometry that allows access to the properties of modular forms.

We define the function A:
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Where the coefficients of Fourier t(n), are the coefficients of Ramanujan and A isamodular form:
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associated with L (E, s) hasweight 2.

b
dj such that a,b,c,d €Z, ad-bc=1. Specifically A has weight 12 and the F

In particular, the Deligne theorem says that: |+(n)| = O(n*?*) for each = > 0.

The proof of this conjecture does not follow directly from the properties of analytical
of A(z), which T (n) = O(n°); but is a consequence of the proof of the Weil conjectures obtained by

Deligne. First, observe that (n) = O(n° follow from T(p) for p prime number (Ramanujan
conjecture, proved by Mordell).

The crucial point isto show that T(p) depends on the number of points of an algebraic variety over
Fp and thisis not acurvein this case, but avariety of size 11.

This type of geometry offers what string theory will be treated.

The p-adic beta functionsin superstring theory. [16]

In the ordinary case it is known that the four-point tree amplitude for the open superstring has the
form
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where s=—(k +k,f and t=—(k,+k,)* are the Mandelstam variables. Since 4P=4B, 4F or

2B2F , the amplitude (1) accordingly depends on the polarization vectors of the massless vector
particles and on the ten-dimensional Majorana-Weyl spinor wave functions.

The simplest manner to obtain a p-adic analogue of the Veneziano amplitude is to replace the
ordinary gamma functions in the Veneziano amplitude

_I(a)r(b)
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by their p-adic analogues, i.e.
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Inegs. (2) and (3), a=—a(s)= —1—%5, b=-aft) and c=-a(u), and they satisfy the mass-shell

condition s+t+u=-8 or a+b+c=1. We note that s+t+u=-8, can be rewritten also as
follow
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where we note that the number 8, that is a Fibonacci 's number, is connected with the “modes” that
correspond to the physical vibrations of a superstring by the above Ramanujan function.

Owing to the ssimplerelation
l_‘p(y)l—‘p(:l'_ y):]- (5)

which is a straightforward consequence of the expression

the p-adic amplitude (3) exhibits total crossing symmetry. Ab(a,b,c) can be presented in the
following form

Ala,b)= [ dxy,(x)r(L-x), (6b)

10



with 7,(x |x| where xeQ, and |. | denotes the p-adic norm. From an adelic point of view,
the amplitudes A (a,b,c) (p=235,...) have been considered as partners of the ordinary crossing
symmetry amplitude A@(a b,c)= A(a,b,c)+ Alb,c,a)+ Alc,a,b), which can aso be written in the
form (6b), where y,(x)=|X" and xeR.

In an analogous way the above method can be applied to the superstring amplitude given by eg. (1)
and we can look for its p-adic analogue in the form

2
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where the kinematic factor K(k,¢) remains unchanged. Taking ¢,(s,t,u) according to the above
procedure we have

rp(l— S —tj
272

where a=-s/2, b=-t/2 and c=-u/2 with the mass-shell condition
s+t+u=0. (9

Note that we can rewrite the eg. (7) also asfollow

Ae(abo)=-L 2 LBk (k). (9b)
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Using the functional equation (5), we obtain the totally crossing-symmetric amplitude

2

A p(abc)=-- p(—fjrp(—izjrp(—ng(k,g). (10)
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The amplitude (10) has poles at the real points
s=0, t=0, u=0. (11

The structure of eg. (8) does not alow us to write down the amplitude (10) by means of the
convolution of multiplicative characters 7z,(x), i.e.,

Aw,(a,b,c) %~ = kgjﬂ X)z, (1- X)dx.  (12)
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Furthermore, the lack of arepresentation of amplitude (10) in the form of the right-hand side of (12)
does not permit us to extract the (st) channel amplitude from the crossing symmetric one.

Recall that the usual conformal field in a Euclidean formulation is defined by the propagator
<x"(z)xv (W)> =—g"Inz-w, (13)

where g“" denotes the flat metric in D-dimensional space-time and z,w are complex variables.
The tachyon vertex has the form

V(k,2)=€""": (19

and the N-point closed string amplitude can be written as follows
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where dz is the standard measure on the complex plane. The expression (15) is divergent because
of the SL(2,C) invariance and after the extraction of the group volume on mass shell k*=2 can be
presented in the Koba-Nielsen form

Aulyky)= [V |z -2/ (26)

m<n

where
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Thence, the eg. (16) can be rewritten also as follows
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The procedure described above can be straightforwardly applied to the derivation of the open string
amplitude. In such a case the integration in eg. (15) goes over the ssmplex on the real axis,

z>z,>..2z, (18

and the power of |zm — zn| should be multiplied by 2 in accordance with the form of the propagator
for an open string

<x”(z)XV(w)> = —g”V(I nz—w’ +Inz- \Tv|2). (13)

A divergence related to the SL(2,R) invariance of the integrand can be removed by dividing it by
the volume of this group. One obtains the st-channel amplitude by choosing

z=w, z,=1, z,=0. (19
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Denoting the characteristic function of a simplex satisfying conditions (18) and (19) by
6o1.)(z--2y) We can write down

A\lpen( j(HdZ)H01w] Z3yes Iy HV kIZ|> j(HdZ)H01w] Zyseens N1H|Zm Zn|kkn

(15°)
The extraction of the SL(2,R) [or SL(2,C)] group volume is automatically done by introducing
ghosts a and b (a,a and b,b)

(b(z)e(w)) = W (20)

and replacing the vertex (14) by
V(z)=c(z):“"@: (21

at thepoints z =, z,=1and z, =0. Eq. (15’) can be rewritten now in the following form

N-1
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1>2,>..>7y ;>0 i=3

Taking into account the correlation function

<C(ZL)C(ZN—1)C(ZN )> = |21 o ZN—1||Zl -2y "ZN—l o ZN| (23)

one obtain the well-known result. Note that we have introduced moduli in (23) due to the ordering
of the z variables.
The p-adic generalization of the above formulae is straightforward. Let K be a quadratic extension

of Q, or an arbitrary locally compact field with norm |..| . The corresponding conformal field
x“(z), where z € K , is defined by the propagator

<x”(z)xV (w)> =—g”logz-w (24)

and the vertex as well as the string amplitudes acquire the form (14) and (15), respectively, where
dz isnow the Haar measure on K. Instead of SL(2,C) here we have SL(2,K) invariance.
For an open p-adic string amplitude we can consider formulae (13’) and (14) as a definition of a

conformal theory, where z,we Qp(\/? ) and |..] should be replaced by the p-adic norm ||p The N-

point p-adic amplitude is given by eq. (15°) where 6.(z...z,) will denote one of the possible p-adic
analogues of the characteristic function on the simplex (18), i.e.,

i=1

A2 k)= [ (TTVK2)0 a2 [T (29

This divergent expression has an SL(2,Qp) invariance and after extraction of the volume of the
group on the mass shell k* = 2 it can be represented in the K oba-Nielsen form

13
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where 6,1y, 1(z-.-z,) isnow the p-adic analogue of the finite simplex defined by (18) and (19).
The tree amplitude for scattering of four fermions can be given by

(k1u1’ku2’k3u31ku ___g Id2901 )<V—l/2(00)\/1/2(1)\/—1/2(2)\/1/2(0)' (27)

Performing the corresponding cal culation we obtain
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The transition amplitude from two fermions to two bosons can be written in the form

AZFZB(klu ku ks(s 44’4 __g Id29[01] Z)<V OO)\/O 1)\/ 1/2(2)\/ 1/2( )> (29)

Performing the calculations with the corresponding correlators and imposing the kinematical
conditions on the mass shell, one obtains

l+k3k4

Pos e = ——g [ dz6hy (22 - {|z|[ o Nuda) + = :’krguzy“y“w }
- (ke by + (ko — (s ko, ] (30)

Anaogously, one can obtain the four-boson scattering amplitude. The formulae obtained above,
(28) and (30), can easily be generalized to the p-adic case. Asin the bosonic string case, we have to
replace the standard norm by a p-adic one. In particular, the p-adic four-fermion string amplitude
can be written as follows:

-1-t/2 1-s/2
Az(ti)(hul;kzuz;k3u3;k4u4) g U uzﬁus IdZH 04] lel t |1_ | hl ZI 7’,1/;7’@ |Z| 7’0«57@]
Qo
(31)
The explicit form of eg. (31) depends on the chosen form of the p-adic analogue of the
characteristic function 9[0'11',(2), where 7 denotes one of the three quadratic extensions. For

instance, when 7 = ¢ and

001(2)=5(Son 2- Sgn, (-)Sn (- 7)), (32)

we can write the following p-adic amplitude

14
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where u,(i)=u,(k) and B,(r,,7,) are p-adic betafunctions. So,

ug,
1 1)1+ p 2 t/2 ~t/2-l | psi2l _ yosi2 ,
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+ ( 0 le _s) 7(’;57/;3y . (34

This amplitude evidently contains poles at the real points s=0, t=0, s=2 and t=2, aswell as
poles at the complex points.
Performing the integration in eqg. (31) over the whole field Q,, one obtains the expression

1 t S) ,
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which contains a u-pole as well.
Thence, from the eq. (31), we have that:
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P-adic, adelic and zeta-strings (17 [18] [19] [20] [21]

Like in the ordinary string theory, the starting point of p-adic strings is a construction of the
corresponding scattering amplitudes. Recall that the ordinary crossing symmetric Veneziano
amplitude can be presented in the following forms:

ot i [T@rb) TONE) . TOME)] . c0-a)ci-b)ci-o)
Alab)= g ¢ oce o AT TRNE) FONE g SRR PIEts)

- g?[DX exp(—zi—ﬂjdzaaaxﬂéaxﬂjljjdzaj explik)x“), (1-4)

where h=1, T=1/z, and a:—a(s):—l—g, b=-a(t), c=-a(u) with the condition

s+t+u=-8,i.e a+b+c=1.
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The p-adic generalization of the above expression

A(ab)= g [ ]} - ax,

A (a,b)=g? jQp XX dx, (5)

where ||p denotes p-adic absolute value. In this case only string world-sheet parameter x istreated
as p-adic variable, and all other quantities have their usual (real) valuation.

Now, we remember that the Gauss integrals satisfy adelic product formula

IR;(w(aszrbx)dwajQ zo(@C+bx)d x=1, acQ, beQ, (6
peP ~P

what follows from

2

b
4aj V=00,2...,P.... (7)

I 7.(@x +bx)d,x= 4, ()24, sz[
These Gauss integrals apply in evaluation of the Feynman path integrals
XXt I zv(——f qqt)dtj d, (8)

for kernels Kv(x“,t";x',t') of the evolution operator in adelic quantum mechanics for quadratic
Lagrangians. In the case of Lagrangian

22

L(q,q)%[—q——zqﬂj,

4

for the de Sitter cosmological model one obtains

K, (X" T:x 0 [K,(x"T;x,00=1, x"x,1€Q,TeQ", (9

peP

where
213

’ﬂ;r +[/1(x"+X')—2]£+(X”8_T—XI)2J' (10)

K,(x",T;x,0)=A4,(- 8T)|4T|;% ;(V(—

Also here we have the number 24 that correspond to the Ramanujan function that has 24 “modes”,
I.e.,, the physical vibrations of a bosonic string. Hence, we obtain the following mathematical
connection:

Kv(x",T; x,0)=A,(- 8T)|4T|;$ZV(_ /1;: N [x%(x"+x')— 2]2 N (X';;Tx')zJ _
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© COSZXW __ 2 dx

/e 5
antilog ™ CO5 ¢ a2
e 4 g, (itw)

N . (10b)
lOgN(10+11«/§J+\/(10+ NEJ]
4 4

The adelic wave function for the simplest ground state has the form

()XeZ
where Q(]x|p):1 if |x|p <1 and QQx|p):O if |><|p >1. Since this wave function is non-zero only in

integer points it can be interpreted as discreteness of the space due to p-adic effects in adelic
approach. The Gel ‘fand-Graev-Tate gamma and beta functions are:

a) = IR|X|Z_1ZOC (X)dOOX = é’g-(a) I |X|a llp(x)dpx p:l , (12

Bw(a,b)=IR|x|i X" 1dmx:l“m( ), (o), (c), (13)
ab)=[ M L%, dx=T,(@r,0)r,c), 14

where a,b,ce C with condition a+b+c=1 and ¢(a) is the Riemann zeta function. With a
regularization of the product of p-adic gamma functions one has adelic products:

r,u[]r,(u)=1 B,(ab]]B,(ab)=1, u=0l u=ab.c, (15)

peP peP

where a+b+c=1. Wenotethat B, (a,b) and B,(a,b) are the crossing symmetric standard and p-

adic Veneziano amplitudes for scattering of two open tachyon strings. Introducing real, p-adic and
adelic zeta functions as

¢.(@)= J expl-m X "d, x= ﬂzr@ . (19)
1 a-1 1
&pl@)=1 i jQpQQx|p)x|p dpx=1—= Rea>l, (17)
(@)=¢.@]¢,(a)=¢.(a)(a), (18)

peP

one obtains
{a1-a)=¢,(a), (19)

where ¢,(a) can be called adelic zeta function. We have also that

17



@I T¢,(@)=¢. (a) (@)= [ expl- 2 d x 1p_1 jQqux|p)x|j;1dpx. (19b)

peP

Let us note that exp(— yzxz) and Q(jxlp) are analogous functions in rea and p-adic cases. Adelic

harmonic oscillator has connection with the Riemann zeta function. The simplest vacuum state of
the adelic harmonic oscillator is the following Schwartz-Bruhat function:

x):Zj‘e‘”xianxp‘p), (20)

whose the Fourier transform
JZA kX)WA HQQK ‘ ) (21)

has the same form as ,(x). The Mellin transform of y,(x) is

QXI X x [—j 2¢(a) (22

a a- 1
a):ij(x)M dAx:J'Rz//m(x)x| "d, x .
peP

and the samefor A(k). Then according to the Tate formula one obtains (19).
The exact tree-level Lagrangian for effective scalar field ¢ which describes open p-adic string
tachyonis

1 p? 1 - 1 1
L =— —=p 2p+———@" |, (23
b zp_[zqopcopﬂqo}()
where p is any prime number, 0=-67 +V? is the D-dimensiona d’Alambertian and we adopt

metric with signature (— +...+). Now, we want to show a model which incorporates the p-adic
string Lagrangians in arestricted adelic way. Let us take the following Lagrangian

L=y =20 ——{——;éz 2 ¢””] (24)

n>1 n>1 n n>1 n>1

Recall that the Riemann zeta function is defined as

((S):Z%znl_ls, s=o+ir, o>1. (25
n>1 p p

Employing usual expansion for the logarithmic function and definition (25) we can rewrite (24) in
the form

[ M( j¢+¢+ln(1 ¢)} (26)
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where |¢| <1.¢ (%j acts as pseudodifferential operator in the following way:

c[g}é(x): op

where 4 (k I e ®g(x)dx  isthe Fourier transform of ¢(x).

ixk

(_k_;}}{(k)dk, ~k?=k2-k*>2+s, (27)

Dynamics of this fleld ¢ is encoded in the (pseudo)differential form of the Riemann zeta function.

When the d’Alambertian is an argument of the Riemann zeta function we shall call such
string a “zeta string”. Consequently, the above ¢ is an open scalar zeta string. The equation of

motion for the zeta string ¢ is

E = 1 ixk _k_2 e :L
5( j¢_(2ﬂ)D [P 5( 2j¢(k)dk o @9

which has an evident solution ¢ =0.
For the case of time dependent spatially homogeneous solutions, we have the following equation of

- 20 gl S oo =)

(29)

With regard the open and closed scalar zeta strings, the equations of motion are

g 1 ixk k2 - _ @ n
((Ej¢zwje ((—?jqﬁ(k)dk—Z@ ¢", (30)

n>1

|xk

e

and one can easily seetrivia solution ¢ =6 =0.

nx1

(__J k= Z{ nj"n(zl)_l(w“—l), (31)
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